Abstract. -I verify the existence of left Bousfield localizations and of enriched left Bousfield localizations, and I prove a collection of useful technical results characterizing certain fibrations of (enriched) left Bousfield localizations. I also use such Bousfield localizations to construct a number of new model categories, including models for the homotopy limit of right Quillen presheaves, for Postnikov towers in model categories, and for presheaves valued in a symmetric monoidal model category satisfying a homotopy-coherent descent condition.
The (enriched) Bousfield localization gives an effective way of constructing new model categories from old. In particular, one can use this to construct models for the homotopy limit of a right Quillen presheaf, for Postnikov towers in model categories, and for presheaves valued in a symmetric monoidal model category satisfying a homotopy-coherent descent condition.
The aim of this short note is to demonstrate the existence of (enriched) left Bousfield localizations, to give some useful technical results concerning the fibrations thereof, and to use this machinery to provide a number of interesting examples of model categories, including those described in the previous paragraph.
Plan. -In the first section, I give a brief review of the general theory of combinatorial and tractable model categories. This material is all well-known. There one may find two familiar but important examples: model structures on diagram categories and model structures on section categories.
In the second section, I define the left Bousfield localization and give the well-known existence theorem due to Smith. Following this, I continue with a small collection of results that permit one to cope with the fact that left Bousfield localization ruins right properness, as well as a characterization of a certain class of H-local fibrations. I finish the section with five simple applications of the technique of left Bousfield localization: Dugger's presentation theorem, the existence of homotopy images, the existence of resolutions of model categories, the construction of homotopy limits of diagrams of model categories, and the existence of Postnikov towers for simplicial model categories.
In the final section, I review the notions of symmetric monoidal and enriched model categories. I describe the enriched left Bousfield localization and prove an existence theorem. I then give two applications: first, the existence of enriched Postnikov towers, and second, the existence of local model structures on presheaves valued in symmetric monoidal model categories.
Thanks to J. Bergner, P. A. Østvaer, and B. Toën for persistent encouragement and hours of interesting discussion. Thanks also to J. Rosický for pointing out a careless omission. Thanks especially to M. Spitzweck for a profound and lasting impact on my work; were it not for his insights and questions, there would be nothing for me to report here or anywhere else. 
Tractable model categories
Combinatorial and tractable model categories. -Combinatorial model categories are those whose homotopy theory is controlled by the homotopy theory of a small subcategory of presentable objects. A variety of algebraic applications require that the sets of (trivial) cofibrations can be generated (as a saturated set) by a given small set of (trivial) cofibrations with cofibrant domain. This leads to the notion of tractable model categories. Many of the results have satisfactory proofs in print; the first section of [3] in particular is a very nice reference.
(1)
1.1. -Suppose here X a universe. Notation 1.2. -Suppose C a model X-category.
(1.2.1) Write wC (respectively, cof C, fib C) for the lluf subcategories comprised of weak equivalences (resp., cofibrations, fibrations). (1.2.2) Write C c (respectively, C f ) for the full subcategories of cofibrant (resp., fibrant) objects. (1.2.3) For any X-small regular cardinal λ, write C λ for the full subcategory of C comprised of λ-presentable objects. Definition 1.3. -Suppose C a model X-category. Suppose, in addition, that λ is a regular X-small cardinal.
(1.3.1) One says that C is λ-combinatorial (respectively, λ-tractable) if its underlying X-category is locally λ-presentable, and if there exist X-small sets I and J of morphisms of C λ (resp., of C λ ∩ C c ) such that the following hold. 2) An X-small full subcategory C 0 of C is homotopy λ-generating if every object of C is weakly equivalent to a λ-filtered homotopy colimit of objects of C 0 .
(1) I would like to thank M. Spitzweck for suggesting this paper; this exposition has benefitted greatly from his recommendation.
(1.3.3) One says that C is X-combinatorial (respectively, X-tractable) just in case there exists a regular X-small cardinal κ for which it is κ-combinatorial (resp., κ-tractable). (1.3.4) Likewise, an X-small full subcategory C 0 of C is homotopy X-generating if and only if for some regular X-small cardinal κ, C 0 is homotopy κ-generating.
Notation 1.4. -Suppose C an X-category, and suppose I an X-small set of morphisms of C. Denote by inj I the set of all morphisms with the right lifting property with respect to I, denote by cof I the set of all morphisms with the left lifting property with respect to inj I, and denote by cell I the set of all transfinite compositions of pushouts of morphisms of I. Proof. -Suppose κ a regular cardinal strictly greater than λ. For any morphism f : X / / Y , consider the set (I/f ) of squares
where i ∈ I, and let
for any morphism f : X / / Y . For any regular cardinal α, set P α := colim β<α P β . This provides a functorial factorization P κ with the required properties. The remaining parts follow from the existence of this factorization and the retract argument.
1.6. -J. Smith's insight is that the transfinite small object argument and the solution set condition on weak equivalences together provide a good recognition principle for combinatorial model categories. In effect, one requires only two-thirds of the data normally required to produce cofibrantly generated model structures. Proof. -The usual small object and retract arguments apply once one constructs an X-small set J such that cof J = W ∩ cof I. The following pair of lemmas complete the proof. 
Proof. -To prove this, one need only factor any element of W as an element of cell J followed by an element of inj I. The result then follows from the retract argument. Suppose κ an X-small regular cardinal such that every codomain of I is κ-presentable. For any morphism [f : X / / Y ] ∈ W , consider the set (I/f ) of squares
where i ∈ I; for each such square choose an element j (i,f ) ∈ J and a factorization
and let M (I/f ) / / N (I/f ) be the coproduct ∐ i∈(I/f ) j (i,f ) . Define an endofunctor Q of (W/Y ) by
β . This provides, for any morphism [f :
with the desired properties. 
It thus suffices to find, for every square of the type on the left, an element of W ∩ cof I factoring it. For every [i : To verify (1.10.5) -and therefore (1.10.6) -, fix κ, an X-small regular cardinal for which: (a) there are κ-accessible functorial factorizations of each kind, (b) there is an X-small set I of generating cofibrations with κ-presentable domains and codomains, and (c) the full subcategory of I-tuples of surjective morphisms is a κ-access9ibly embedded, κ-accessible subcategory of Set (I·1 X . Suppose A an X-small κ-filtered category, and suppose F / / G an objectwise weak equivalence in C A . The κ-accessible functorial factorizations in C permit one to give a κ-accessible factorization of F / / G into an objectwise trivial cofibration F / / H followed by an objectwise fibration (which is therefore an objectwise trivial fibration) H / / G. Hence the morphism colim H / / colim G is a fibration, and it remains only to show that it is also a trivial fibration; for this one need only show that for any morphism f : K / / L and element of I and any diagram K
This follows from the κ-presentability of K and L. To verify (1.10.7), let us note that it follows from the existence of a κ-accessible functorial factorization that it suffices to verify that the full subcategory of C 1 comprised of trivial fibrations is a κ-accessibly embedded, κ-accessible subcategory. For this, consider the functor
Since the domains and codomains of I are κ-presentable, this is a κ-accessible functor. Proof. -Suppose I is an X-small set of generating cofibrations with cofibrant domains, and suppose J an X-small set of trivial cofibrations satisfying the conditions of 1.8. To give another such X-small set of trivial cofibrations with cofibrant domains, it suffices to show that any commutative square
′ is a trivial cofibration providing the desired factorization.
1.13. -Suppose C an X-combinatorial model X-category and D a locally Xpresentable category equipped with an adjunction
I now discuss circumstances under which the model structure on C may be lifted to D.
Definition 1.14. -(1.14.1) A morphism f : X / / Y of D is said to be a projective weak equivalence (respectively, a projective fibration, a projective trivial fibration) if U f : U X / / U Y is a weak equivalence (resp., fibration, trivial fibration). (1.14.2) A morphism f : X / / Y of D is said to be a projective cofibration if it satisfies the left lifting property with respect to any projective trivial fibration; f is said to be a projective trivial cofibration if it is, in addition, a projective weak equivalence. Proof. -The full accessible inverse image of an accessibly embedded accessible full subcategory is again an accessibly embedded accessible full subcategory; hence the projective weak equivalences are an accessibly embedded accessible subcategory of D 1 . Choose now an X-small set I of C (respectively, C c ) of generating cofibrations. One now applies the recognition lemma 1.7 to the set W of projective weak equivalences and the X-small set F I. It is clear that inj I ⊂ W , and by assumption it follows that W ∩cof I is closed under pushouts and transfinite compositions. One now verifies easily that the fibrations are the projective ones and that the adjunction (F, U ) is a Quillen adjunction.
Since F is left Quillen, the set F I has cofibrant domains if I does.
Application I: Model structures on diagram categories. -Suppose X a universe, K an X-small category, and C an X-combinatorial (respectively, X-tractable) model X-category. The category C(K) of C-valued presheaves on K has two Xcombinatorial (resp. X-tractable) model structures, to which we now turn. Proof. -Consider the functor e : Obj K / / K , which induces an adjunction
The condition of 1.15 follows from the observation that e ⋆ preserves all colimits.
in which the weak equivalences and cofibrations are the injective weak equivalences and cofibrations.
Proof. -Suppose κ an X-small regular cardinal such that K is κ-small, C is locally κ-presentable, and a set of generating cofibrations I C for C can be chosen from C κ (resp., from C κ ∩C λ ); without loss of generality, we may assume that I C is the X-small set of all cofibrations in C κ (resp., in C κ ∩ C λ ). Denote by I C(K) the set of injective cofibrations between κ-presentable objects of C(K) (resp., between κ-presentable objects of C(K) that are in addition objectwise cofibrant). This set contains a generating set of cofibrations for the projective model structure, so it follows that inj
The claim is now that any injective cofibration can be written as a retract of transfinite composition of pushouts of elements of I C(K) . This point follows from a cardinality argument, which proceeds almost exactly as for sSet-functors from an sSet-category to a simplicial model category. For this cardinality argument I refer to [13, A.3.3.12-14] of J. Lurie, whose proofs and exposition I am unable to improve upon.
Since colimits are formed objectwise, it follows that the injective trivial cofibrations are closed under pushouts and transfinite composition. 
Proof. -Projective cofibrations are in particular objectwise cofibrations, and weak equivalences are identical sets.
Proof. -Pullbacks and pushouts are defined objectwise; hence it suffices to note that in both model structures, weak equivalences are defined objectwise, and any cofibration or fibration is in particular an objectwise cofibration or fibration.
which are of course equivalences of categories if f is an equivalence of categories.
Proof. -Clearly f ⋆ preserves objectwise weak equivalences, objectwise cofibrations, and objectwise fibrations. 1.23. -Suppose here X a universe.
/ / Cat Y for some universe Y with X ∈ Y such that for every k ∈ Obj K, the category F k is a model X-category, and for every morphism
(1.24.2) A left or right Quillen presheaf F on K is said to be X-combinatorial (respectively, X-tractable, left proper, right proper, ...) if for every k ∈ Obj K, the model X-category F k is so.
(
one has the identity
These morphisms clearly compose, to give a category Sect L F (resp., Sect R F) of left (resp., right) sections of F.
Proof. -If Θ is a left morphism of left Quillen presheaves, then define Θ ! by the formula
), in which the morphism
is the structural isomorphism of the pseudomorphism Θ.
is defined by the formula
is the morphism adjoint to the composite
The corresponding statement for right morphisms follows by duality.
1.26. -The previous lemma suggests that the most natural model structure on the category of left (respectively, right) sections of a left (resp., right) Quillen presheaf F is an injective (resp., projective) one, in which the weak equivalences and cofibrations (resp., fibrations) are defined objectwise. This idea is borne out by the observation that these model categories can be thought of as good models for the (∞, 1)-categorical lax limit (resp., (∞, 1)-categorical colax limit) of F.
Proof. -It is a simple matter to verify that Sect L F and Sect R F are complete and cocomplete. The category of left sections is the lax limit of F, and the category of right sections is a colax limit of F; so the result follows from the fact that the 2-category of X-accessible categories is closed under arbitrary X-small weighted bilimits in which all functors are accessible [14, Theorem 5.1.6].
Proof. -If F is a left Quillen presheaf, then the functor
is simply given by the formula
Since this functor commutes with all limits and colimits, the existence of its left and right adjoints follows from the usual adjoint functor theorems.
R F of right sections of an X-combinatorial (respectively, X-tractable) right Quillen presheaf F on an X-small category K has an X-combinatorial (resp., X-tractable) model structure -the projective model structure Sect Proof. -Consider the functor e : Obj K / / K , which induces an adjunction
Proof. -Suppose κ an X-small regular cardinal such that K is κ-small, each F k is locally κ-presentable, and a set of generating cofibrations I F k for each F k can be chosen from F k,κ (resp., from F k,κ ∩ F k,c ); without loss of generality, we may assume that I F k is the X-small set of all cofibrations in F k,κ (resp., in F k,κ ∩ F k,c ). Denote by I Sect L F the set of injective cofibrations between κ-presentable objects of Sect L F (resp., between κ-presentable objects of Sect L F that are in addition objectwise cofibrant). This set contains a generating set of cofibrations for the projective model structure, so it follows that inj I Sect L F ⊂ W .
The argument given for the existence of the injective model structure on presheaf categories applies almost verbatim here to demonstrate that any injective cofibration can be written as a retract of transfinite composition of pushouts of elements of I Sect L F .
Since colimits are formed objectwise, it follows that the injective trivial cofibrations are closed under pushouts and transfinite composition.
which is a Quillen equivalence if each Θ k is a Quillen equivalence.
Proof. -Clearly Θ ! (resp., Θ ⋆ ) preserves objectwise weak equivalences and objectwise cofibrations (resp., fibrations).
Left Bousfield localization
Definition and existence of left Bousfield localizations. -Here I review some highlights from the general theory of left Bousfield localization. Since the published references do not include a proof of the existence theorem of J. Smith, I include it solely for convenience of reference, with the caveat that the result should in no way be construed as mine.
2.1. -Suppose X a universe, M a model X-category. 
/ / X 2i+1 is contained in wM. Morphisms between two such sequences are simply commutative diagrams of the form
, wherein the vertical maps are in wM. Recall that the hammock localization of M is the sSet-category L H M whose objects are exactly those of M, with
The standard references on the hammock localization are the triple of papers [6] , [7] , and [8] of W. G. Dwyer and D. Kan. A more modern treatment can be found in [9] . 
is an isomorphism of Ho sSet X . (2.5.3) For any cofibrant object X of M, the induced morphism
is an isomorphism of Ho sSet X . 
is an isomorphism of Ho sSet X . (2.6.3) A morphism A / / B of M is an H-local equivalence if for any H-local object Z, the morphism
is an isomorphism of Ho sSet X .
Lemma 2.7.
-When it exists, the left Bousfield localization of M with respect to H is unique up to a unique isomorphism of model X-categories.
Proof. -Initial objects are essentially unique. Proof. -Choose an accessible fibrant replacement functor R for M, a functorial cosimplicial resolution functor Γ • : M / / (cM) c , and an X-small set S of representatives for all and only the homotopy classes of H. Then the functor
is the morphism of simplicial sets induced by f : X / / Y . Since the full subcategory of (sSet X ) 1 comprised of weak equivalences is accessibly embedded and accessible, the full subcategory of H-local objects is also accessibly embedded and accessible. Proof. -This follows from the previous lemma and the fact that for sufficiently large regular X-small cardinals κ, the H-local equivalences of M are closed under κ-filtered colimits. To show the latter point, choose κ so that κ-filtered colimits are homotopy colimits. Then for any H-local object Z, a colimit colim A / / colim B of a κ-filtered diagram of H-local equivalences is a weak equivalence because the morphism
is a homotopy limit of weak equivalences in sSet X , hence a weak equivalence. Proof. -The aim is to guarantee that a cofibrantly generated model structure on M exists sstisfying conditions (2.11.3)-(2.11.5) using 1. Fix an X-small set I M of generating cofibrations of M, and let wL H M denote the set of the weak equivalences described in (2.11.5). By 2.10, we can now apply 1.7: observe that since I M -injectives are trivial fibrations of M, they are in particular weak equivalences of M, and hence are among the elements of wL H M.
It thus remains only to show that pushouts and transfinite compositions of morphisms of cof M ∩ wL H M are H-local weak equivalences. Suppose first that K / / L a cofibration in wL H M, and suppose
Note that by the left properness of M, this pushout is in fact a homotopy pushout; thus the statement that K ′ / / L ′ is an element of wL H M is equivalent to the assertion that, for any H-local object Z, the diagram
is a homotopy pullback diagram in sSet, and this follows immediately from the fact that RMor M (L, Z) / / RMor M (K, Z) is a weak equivalence. Since κ-filtered colimits are homotopy colimits for κ sufficiently large, it follows that a transfinite composition of elements of cof M ∩ wL H M is an morphism of wL H M.
Definition 2.12. -If M is left proper and X-combinatorial, and if H is an X-small set of homotopy classes of morphisms of M, then an object X of the left Bousfield Proof. -H-locality is closed under weak equivalences in M; hence if X is quasifibrant it is surely H-local, and the fibrant replacement in M of an H-local object is Hlocal.
2.14. -As a rule, one has essentially no control in a left Bousfield localization over the generating trivial cofibrations. The following proposition (originally -with a different proof -due to M. Hovey) is one of the very few results on the trivial cofibrations of left Bousfield localizations; it is critical for the forthcoming existence theorem 3.18 for enriched left Bousfield localizations.
Proposition 2.15 (Hovey, [12, Proposition 4.3]). -Suppose that M is left proper and X-combinatorial, and suppose that H is X-small. Then the left Bousfield localization
Proof. -Immediate from 1.12.
The failure of right properness. -Left Bousfield localizations inherit left properness, but in general they destroy right properness. This is because there is very little control over the fibrations.
Nevertheless, there are often full subcategories that are in a sense right proper, and this form of right properness is inherited by the quasifibrant objects contained in these subcategories in the left Bousfield localization. In this case, there exist functorial factorizations of morphisms of these quasifibrant objects through quasifibrant objects, so homotopy pullbacks of these quasifibrant objects can be computed effectively. This also provides a nice recognition principle for fibrations of L H M with a quasifibrant codomain that lies in such a subcategory.
One can think of this subsection as an enlargement of Reedy's observation that homotopy pullbacks of fibrant objects can be computed by replacing on only one side, or, alternatively, one can think of this subsection as a collection of techniques for coping with the reality that many important combinatorial model categories are simply not right proper.
There are, of course, dual conditions and results to many of those of this section, but they are not needed here, essentially because left properness is a relatively common condition in practice.
2.16. -Suppose X a universe, M a model X-category.
Definition 2.17. -(2.17.1) If E is any full subcategory of M, an E-placement functor is a pair (r E , ǫ E ) consisting of a functor r E : M / / E along with an objectwise weak equivalence ǫ E from the identity functor to the composite ι E • r E , where ι E : E / / M denotes the inclusion.
(2.17.2) A full subcategory E of M is said to be stable under trivial fibrations if for any object X of E and any trivial fibration Y / / X , the object Y is an object of E as well. 
Proof. -Refer to the diagram
If the interior square is an admissible pullback diagram in E, then the outer square is so in M. If X ′ / / X is a weak equivalence, then so is F (X ′ ) / / F X , and if Proof. -Choose a functorial factorization of every morphism into a trivial cofibration followed by a fibration; this gives in particular a functorial fibrant replacement r. Suppose X / / Y a morphism of E; applying the chosen functorial factorization to the vertical morphism on the right in the diagram 2.24. -Suppose for the remainder of this section that the model category M is left proper and X-combinatorial, that H is X-small, and that E is a right proper, admissibly left exact full subcategory of M with M f ⊂ E. Write loc E (H) for the full subcategory of E consisting of H-local objects, viewed as a full subcategory of the Bousfield localization L H M; observe that (L H M) f ⊂ loc E (H). The objective is to show that loc E (H) is right proper and admissibly left exact, whence the effective computability of homotopy pullbacks of H-local objects of E. Proof. -Applying 2.22, there is a functorial factorization of every morphism into a trivial cofibration of loc E (H) followed by a fibration of loc E (H). But a trivial cofibration in L H M between H-local objects is a trivial cofibration in M as well.
Corollary 2.27. -If E is stable under trivial fibrations, then a morphism of loc E (H) is a fibration in L H M if and only if it is a fibration of M.
Proof. -One implication is obvious; the other is a consequence of the retract argument.
Proof. -Suppose Y / / X a fibration of loc E (H), and suppose X ′ / / X a morphism of E. To show that the pullback
exists in E, it suffices by factorization (2.22) to suppose that X ′ / / X is a fibration as well. But then the pullback Y ′ is a homotopy pullback, and since RMor(A, −) commutes with homotopy pullbacks, Y ′ is also H-local. 2.31. -Lastly, I now turn to a recognition principle for fibrations in L H M with codomains in E or loc E (H).
Proposition 2.32. 
′′ is even a weak equivalence of M since it is a weak equivalence of local objects. Also factor X / / X ′ as a weak equivalence X / / X ′′ in E followed by a fibration
Since X ′′ , X ′ , and Y ′′ are all objects of E, Z ′′ is an object of E as well, and it follows from the right properness of E that the weak equivalence X / / X ′′ is pulled back to a weak equivalence Z / / Z ′′ of M. The statement that (2.32.1) is a homotopy pullback is equivalent to the assertion that the morphism Y / / Z ′′ is a weak equivalence of M. It now follows that the morphism Y / / Z is a weak equivalence of M. Factor this map into a trivial cofibration
′ is in fact a trivial cofibration of M, and the retract argument thus completes proof.
The proof of the second statement begins similarly; factor p ′ as before, and now factor the morphism X / / X ′ as a weak equivalence X / / X ′′ in loc E (H) followed by a fibration X ′′ / / X in loc E (H) (which is in addition a weak equivalence in
Now it follows from the right properness of loc E (H) that the morphism Z Definition 2.33. -An X-presentation (K, H, F ) of a model X-category M consists of an X-small category K, an X-small set H of homotopy classes of morphisms of sSet X (K), and a left Quillen equivalence F : Proof. -By the theorem it is enough to show this for the projective model category of simplicial presheaves on an X-small category C; in this case, the images under the Yoneda embedding of the objects of C provide such a set.
Application II: Homotopy images. -As a quirky demonstration of the usefulness of left Bousfield localizations, I offer the handy factorization result 2.37. Proof. -Let G be an X-small set of homotopy generators for M. Write G/Y for the disjoint union of the sets Mor Ho M (R, Y ) over R ∈ G. Now write 2.38. -Suppose X a universe, M an X-combinatorial model category, and K an X-small category. 
is a Quillen equivalence.
Proof. -Suppose G an X-small set of cofibrant homotopy generators of M(K), and let R M be a fibrant replacement functor for M. Set
since it sends elements of U G to weak equivalences. It is easy to see that the induced functor R const : Ho M / / Ho M(K) colim is fully faithful and essentially surjective.
Application IV: Homotopy limits of right Quillen presheaves. -The category of right sections of a right Quillen presheaf F with its projective model structure is to be thought of as the (∞, 1)-categorical lax limit of F. The (∞, 1)-categorical limit -or homotopy limit -of F is a left Bousfield localization of the category of right sections.
2.40. -Suppose X a universe. Suppose K and X-small category, and suppose F an X-combinatorial right Quillen presheaf on K.
Definition 2.41. -A right section (X, φ) of F is said to be homotopy cartesian if for any morphism f : ℓ / / k of K, the morphism
is an isomorphism of Ho F ℓ .
Theorem 2.42. -There exists an X-combinatorial model structure on the category Sect R F -the homotopy limit structure Sect 2.44. -Note that the results of this section say nothing about the homotopy limits of left Quillen presheaves. As an (∞, 1)-category, such a homotopy limit should be a corefexive sub-(∞, 1)-category of the (∞, 1)-categorical lax limit; hence it is more properly modeled as a right Bousfield localization. This is a somewhat delicate issue, which we will take up elsewhere. 
is a cofibration of F that is trivial if either f or g is. 
is a weak equivalence for some cofibrant replacement
3) An internal closed model category is a symmetric monoidal model category V in which ⊗ V is the categorical (cartesian) product ×. 
category. (3.2.6) Suppose V a symmetric monoidal model category and C and C ′ model Vcategories. (3.2.6.1) A left (respectively, right) V-adjoint F : C / / C ′ [4, Definition 6.7.1] whose underlying functor F 0 is a left (resp., right) Quillen functor will be called a left (resp., right ) Quillen V-functor. (3.2.6.2) If F 0 is in addition a Quillen equivalence, then F will be called a left (resp., right ) Quillen V-equivalence.
Notation 3.3. -Of course the sub-and superscripts on ⊗, 1, and Mor will be dropped if no confusion can result, and by the standard harmless abuse, we will refer to V alone as the symmetric monoidal model category. 
(3) If S and T are sets of morphisms, it will be convenient to denote by S2T the set of morphisms of the form f 2g for f ∈ S and g ∈ T . 
is a fibration that is trivial if either c or b is. Suppose E an X-cofibrantly generated model X-category, with generating cofibrations I E and generating trivial cofibrations J E . Suppose F a model X-category, and suppose 
corepresent the same functor. Since 1 C is cofibrant, the pushout-product axiom implies that real is left Quillen.
On the other hand, suppose
a Quillen adjunction in which the left adjoint real is symmetric monoidal. For K and object of V, and X and Y objects of C, set
The pushout-product axiom for ⊗ C implies the pushout-product axiom for ⊗ V C . These two definitions are inverse to one another. Lemma 3.7. -Suppose C a simplicial, internal model X-category. Then for any X-small set S, the object real(S) is canonically isomorphic to the copower S · ⋆.
Proof. -The functor real is a left adjoint and thus respects copowers; it is symmetric monoidal and thus preserves terminal objects. 
3) For any cofibrant object X of C, the induced morphism
is an isomorphism of Ho V.
Proof. -That (3.12.1) implies both (3.12.2) and (3.12.3) follows from the pushoutproduct axiom.
To show that (3.12.1) follows from (3.12.2), suppose A / / B a morphism of C such that for any fibrant object Z of C, the induced morphism
is an isomorphism of Ho V; one may clearly assume that A and B are cofibrant, so that the morphism
is a weak equivalence of V. Applying RMor V (1 V , −) yields an isomorphism
of Ho sSet X for any fibrant object Z of C. Now apply [10, 17.7.7] . The very same argument, mutatis mutandis, shows that (3.12.1) follows from (3.12.3).
The enriched left Bousfield localization. -Here I define enriched Bousfield localizations, and I prove an existence theorem.
3.13. -Suppose X a universe, V a symmetric monoidal model X-category, and C a model V-category. Proof. -Initial objects are essentially unique. is an isomorphism of Ho V. is an isomorphism of Ho V. equivalence. By 3.5, it suffices to verify this for f an element of a generating set of trivial cofibrations of L (H/V) C. By 2.15, L (H/V) C has an X-small set of generating trivial cofibrations with cofibrant domains; so let J denote such a set, and let f ∈ J. Now by adjunction, one verifies that i2f is a weak equivalence if, for any fibrant object Z of L (H/V) C, the diagram The characterization of weak equivalences now follows from 3.12. Now suppose D a model V-category and F : C / / D a left Quillen V-functor such that for any f ∈ S, F f is a weak equivalence. Then F f is a trivial cofibration of D, and for any i ∈ I, the morphism F (i2f ) = i2F f is also a trivial cofibration. Hence any such F factors uniquely through C / / L (H/V) C by the universal property enjoyed by ordinary left Bousfield localizations. This completes the proof. Proof. -The proofs of the statements are identical, since by 3.19, it suffices to show that there exists a set G of cofibrant homotopy generators of V such that for any element Z ∈ G, any object W ∈ C, and any local injective fibrant object Y ∈ V(C), the presheaf Mor V(C) (Z ⊗ y V W, Y ) satisfies τ -descent.
To verify this, suppose X an object of C, and suppose [R / / yX ] ∈ τ (X); then one verifies easily that the morphism colim U∈(C/R) op
is a weak equivalence between cofibrant objects. Hence 
